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ISOPERIMETRIC INEQUALITY AND WEITZENBO¨CK TYPE
FORMULA FOR CRITICAL METRICS OF THE VOLUME
H. BALTAZAR, R. DIO´GENES, AND E. RIBEIRO JR.
Abstract. We provide an isoperimetric inequality for critical metrics of the
volume functional with nonnegative scalar curvature on compact manifolds
with boundary. In addition, we establish a Weitzenbo¨ck type formula for cri-
tical metrics of the volume functional on four-dimensional manifolds. As an
application, we obtain a classification result for such metrics.
1. Introduction
A classical topic in Riemannian geometry is to find canonical metrics on a given
manifold Mn. A promising way for that purpose is that of critical metrics of the
Riemannian functionals, as for instance, the total scalar curvature functional and
the volume functional. Einstein and Hilbert proved that the critical points of
the total scalar curvature functional restricted to the set of smooth Riemannian
structures onMn of unitary volume are Einstein (cf. Theorem 4.21 in [9]), and this
result stimulated several interesting works. In this spirit, Miao and Tam [20, 21]
studied variational properties of the volume functional constrained to the space of
metrics of constant scalar curvature on a given compact manifold with boundary.
Indeed, volume is one of the natural geometric quantities used to study geometrical
and topological properties of a Riemannian manifold.
In order to make our approach more understandable, we need to recall some
terminology. Let (Mn, g) be a connected compact Riemannian manifold with di-
mension n at least three and smooth boundary ∂M. According to [5, 7, 14, 20]
and [21], we say that g is, for simplicity, a Miao-Tam critical metric if there is a
nonnegative smooth function f on Mn such that f−1(0) = ∂M and satisfies the
overdetermined-elliptic system
L
∗
g(f) = −(∆f)g +Hess f − fRic = g, (1.1)
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where L∗g is the formal L
2-adjoint of the linearization of the scalar curvature ope-
rator Lg, which plays a fundamental role in problems related to prescribing the
scalar curvature function. Moreover, Ric, ∆ and Hess stand, respectively, for the
Ricci tensor, the Laplacian operator and the Hessian form on Mn. Further, we will
consider Hess = ∇2 on functions.
It is proved in [20, 21] that these critical metrics arise as critical points of the
volume functional on Mn when restricted to the class of metrics g with prescribed
constant scalar curvature such that g|T∂M = h for a prescribed Riemannian metric
h on the boundary. Corvino, Eichmair and Miao [14] studied the modified problem
of finding stationary points for the volume functional on the space of metrics whose
scalar curvature is equal to a given constant. In particular, they were able to prove
a deformation result which suggests that the information of scalar curvature is
not sufficient in giving volume comparison. The classification problem for critical
metrics of the volume functional is important and relevant in understanding the
influence of the scalar curvature in controlling the volume of a given manifold. For
more details on such a subject, we refer the reader to [3, 5, 7, 14, 18, 20, 21, 26]
and references therein.
Isoperimetric problems are classical objects of study in mathematics. Generally
speaking, the isoperimetric inequality is a geometric inequality involving the surface
area of a set and its volume. The isoperimetric inequality on the plane states that
the length L of a closed curve on R2 and the area A of the planar region that it
encloses must to satisfy
L2 ≥ 4piA.
Moreover, the equality holds if and only if the curve is a circle. In Rn, the classical
isoperimetric inequality asserts that if M ⊂ Rn is a compact domain with smooth
boundary ∂M, then
|∂M |
|∂Bn1 |
≥ Vol(M)
n−1
n
Vol(Bn1 )
n−1
n
, (1.2)
where |∂M | denotes the (n − 1)-dimensional volume of ∂M and Vol(M) is the
volume of M. For sufficiently smooth domains, the n-dimensional isoperimetric
inequality is equivalent to the Sobolev inequality on Rn (cf. [19]). We refer to [22]
for a general discussion on this topic.
Inspired by a classical result obtained in [10] and [24], it has been shown by
Batista, Ranieri and the last two named authors [7] that the boundary ∂M of a
compact three-dimensional oriented Miao-Tam critical metric (M3, g) with con-
nected boundary and nonnegative scalar curvature must be a 2-sphere whose area
satisfies the inequality
|∂M | ≤ 4pi
C
,
where C is a positive constant. Moreover, the equality holds if and only if M3 is
isometric to a geodesic ball in R3 or S3. This result also holds for negative scalar
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curvature, provided that the mean curvature of the boundary satisfies H > 2, as
was proven in [4]; see also [6]. Another upper bound estimate for the area of the
boundary was obtained by Corvino, Eichmair and Miao (cf. [14], Proposition 2.5).
In the spirit of these quoted results and stimulated by the isoperimetric problem,
we provide a lower bound estimate for the area of the boundary of a compact
manifold satisfying (1.1). More precisely, we have established the following result.
Theorem 1. Let (Mn, g, f) be a compact, oriented, Miao-Tam critical metric with
connected boundary ∂M. Then the area of the boundary |∂M | must satisfy
|∂M | ≥ n+ 2
2n(n− 1)2H
3CR, (1.3)
where H is the mean curvature of ∂M with respect to the outward unit normal and
CR is a positive constant given by
CR =
∫
M
(R2f3 + 3nRf2 + 2n2f)dVg,
where dVg stands for the volume element of M
n. Moreover, equality holds if and
only if Mn is isometric to a geodesic ball in a simply connected space form Rn, Hn
or Sn.
It is important to recall that, since f is nonnegative, H = 1|∇f | is constant on
∂M and hence, ∂M is totally umbilical. For more details, see [7, Eq. (3.3)] and
[20, Theorem 7].
In order to justify our second main result it is important to recall a classical
example of Miao-Tam critical metric built in a Euclidean ball in Rn (cf. Example
1 in [7], see also [20]). Firstly, we consider the triple (Bnr , g0, f), where (B
n
r , g0)
denotes the Euclidean ball in Rn of radius r with standard metric g0 and potential
function f(x) = 12(n−1) (r
2 − |x|2). Thus, it is not hard to verify that (Bnr , g0, f)
is a Miao-Tam critical metric. Furthermore, using the Co-Area formula (cf. [23])
jointly with a suitable change of variable we obtain
∫
Bn
r
fdx =
1
2(n− 1)
(
r2Vol(Bnr )−
rn+2
n+ 2
|∂Bn1 |
)
=
1
n(n− 1)(n+ 2)r
n+2|∂Bn1 |, (1.4)
where ∂Bn1 stands for the boundary of the unit ball. Consequently, a straightforward
computation gives
|∂Bnr |
Vol(Bnr )
n−1
n
=
(
(n+ 2)nnHn+2
(n− 1)n+1
∫
Bn
r
fdx
) 1
n
, (1.5)
where H is the mean curvature of ∂Bnr with respect to the outward unit normal
which is, in this case, given by H = n−1
r
.
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One question that naturally arises from Eq. (1.5) is to establish the interplay
between volume and area of the boundary for a general critical metric of the vo-
lume functional on a compact manifold with boundary. In this context, Corvino,
Eichmair and Miao [14] were able to show that the area of the boundary ∂M of
an n-dimensional Miao-tam critical metric with zero scalar curvature must have an
upper bound depending on the volume of Mn as follows
Vol(M) ≥
√
(n− 2)(n− 1)
n
(∫
∂M
R
h
dσg
)− 1
2 |∂M | 32 ,
where R
h
is the scalar curvature of (∂M, h).
In the sequel, motivated by this discussion above as well as the isoperimetric
problem, we shall use Theorem 1 to obtain a lower bound estimate (depending on
the volume of Mn) for the area of the boundary of a compact manifold Mn with
nonnegative scalar curvature satisfying (1.1). More precisely, we have the following
isoperimetric type inequality for Miao-Tam critical metrics with nonnegative scalar
curvature.
Theorem 2. Let (Mn, g, f) be a compact, oriented, Miao-Tam critical metric with
connected boundary ∂M and nonnegative scalar curvature. Then we have:
|∂M | ≥ (CR,H) 1nVol(M)
n−1
n , (1.6)
where CR,H is a positive constant given by CR,H =
(n+2)nn−2
2(n−1)n+1 H
n+2CR, H is the
mean curvature of ∂M with respect to the outward unit normal and CR is described
in Theorem 1. Moreover, equality holds if and only if Mn is isometric to a geodesic
ball in Rn.
Recently, mainly motivated by [1], Batista et al. [7] obtained a Bo¨chner type
formula for three-dimensional Riemannian manifolds satisfying (1.1) involving the
traceless Ricci tensor and the Cotton tensor; see also [2]. As a consequence of such a
Bo¨chner type formula, they obtained some classification results for critical metrics
of the volume functional on three-dimensional compact manifolds with boundary.
Before discussing the four-dimensional case, it is important to emphasize that di-
mension four displays fascinating and peculiar features, for this reason very much
attention has been given to this dimension; see, for instance [9, 16], for more details
on this specific dimension.
In [15], Derdzin´ski showed that every oriented four-dimensional Einstein mani-
fold (M4, g) satisfies the Weitzenbo¨ck formula
∆|W±|2 = 2|∇W±|2 +R|W±|2 − 36 detW±,
whereW+, W− and R stand for the self-dual, anti-self-dual and scalar curvature of
M4, respectively. The Weitzenbo¨ck formula is a powerful ingredient in the theory
of canonical metrics on 4-manifolds. It may be used to obtain classification results
as well as rule out some possible new examples. In conjunction with Hitchin’s
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theory [9], the Weitzenbo¨ck formula provides the classification of four-dimensional
Einstein manifolds with positive scalar curvature. It was recently shown by Wu
[25] an alternative proof of the classical Weitzenbo¨ck formula as well as some clas-
sification results for Einstein and conformally Einstein four-dimensional manifolds.
Moreover, he obtained a Weitzenbo¨ck type formula for a large class of metrics on
four-manifolds which are called generalized m-quasi-Einstein metrics. The proof
uses, among other ingredients, an elegant argument of Hamilton [17] and Berger
curvature decomposition [8, 9].
In the second part of this article, by using a method analogous to the one of Wu
[25], we shall provide a Weitzenbo¨ck type formula for critical metrics of the volume
functional on four-dimensional manifolds. More precisely, we have established the
following result.
Theorem 3. Let (M4, g) be a four-dimensional connected, smooth Riemannian
manifold and f is a smooth function on M4 satisfying (1.1). Then we have:
div(f2∇|W±|2) = 2f2|∇W±|2 +
(
4Rf2
3
+
4f
3
+ 8|∇f |2
)
|W±|2
+f〈∇|W±|2,∇f〉 − 144f2 detW±
−4f2〈(Ric⊙Ric)± ,W±〉+ 6〈(Ric⊙ df ⊗ df)± ,W±〉,
where ⊙ stands for the Kulkarni-Nomizu product and ⊗ is the tensorial product.
We point out that Theorem 3 holds just assuming that (M4, g) satisfies the
equation (1.1). In other words, it is not necessary to assume either any boundary
condition or compactness. Next, as an application of the Weitzenbo¨ck type formula
obtained in Theorem 3 we have the following corollary.
Corollary 1. Let (M4, g, f) be a four-dimensional simply connected, compact
Miao-Tam critical metric with nonnegative scalar curvature and boundary isometric
to a standard sphere S3. Suppose that
∫
M
〈R˚ic⊙ df ⊗ df,W 〉dVg ≥ 2
3
∫
M
(√
6|R˚ic|2 + 4|W |2
)
f2|W |dVg, (1.7)
where R˚ic stands for the traceless Ricci tensor. Then M4 is isometric to a geodesic
ball in a simply connected space form R4 or S4.
2. Background and Key Lemmas
In this section we shall establish the standard notation and terminology that we
follow throughout this paper. Moreover, we shall present some key lemmas which
will be useful for the establishment of the desired results. We start remembering
that the fundamental equation of a Miao-Tam critical metric is given by
− (∆f)g +Hessf − fRic = g. (2.1)
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We also mention that a Riemannian manifold (Mn, g) for which there exists a
nontrivial function f satisfying (2.1) must have constant scalar curvature R (cf.
Proposition 2.1 in [14] and Theorem 7 in [20]).
Taking the trace of (2.1) we arrive at
∆f +
fR+ n
n− 1 = 0. (2.2)
Putting these facts together, we get
∇2f − fRic = −Rf + 1
n− 1 g. (2.3)
Furthermore, it is not difficult to verify the following identities
1
2
∆f2 +
R
n− 1f
2 +
n
n− 1f = |∇f |
2 (2.4)
and
1
3
∆f3 +
R
n− 1f
3 +
n
n− 1f
2 = 2f |∇f |2. (2.5)
Also, it easy to check from (2.2) that
fR˚ic = ˚Hessf, (2.6)
where T˚ stands for the traceless part of T. Throughout the article, the Einstein
convention of summing over the repeated indices will be adopted.
For what follows, it is important to remember that the Weyl tensor W is defined
by the following decomposition formula
Rijkl = Wijkl +
1
n− 2
(
Rikgjl +Rjlgik −Rilgjk −Rjkgil
)
− R
(n− 1)(n− 2)
(
gjlgik − gilgjk
)
, (2.7)
where Rijkl stands for the Riemann curvature tensor, whereas the Cotton tensor C
is given by
Cijk = ∇iRjk −∇jRik − 1
2(n− 1)
(∇iRgjk −∇jRgik). (2.8)
Notice that Cijk is skew-symmetric in the first two indices and trace-free in any
two indices. We also remember that W ≡ 0 in dimension three.
Following the notation employed in [5], we recall that the covariant 3-tensor Tijk
is defined by
Tijk =
n− 1
n− 2(Rik∇jf −Rjk∇if) +
1
n− 2(gikRjs∇sf − gjkRis∇sf)
− R
n− 2(gik∇jf − gjk∇if). (2.9)
This tensor is closely tied to the Cotton tensor, and it played a fundamental role in
the previous work [5] on classifying Bach-flat critical metrics of the volume functio-
nal. The tensor Tijk is also skew-symmetric in their first two indices and trace-free
in any two indices.
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In order to set the stage for the proof to follow let us recall an useful result
obtained previously in [5, Lemma 1].
Lemma 1 ([5]). Let (Mn, g) be a connected, smooth Riemannian manifold and f
is a smooth function on Mn satisfying Eq. (1.1). Then we have:
f(∇iRjk −∇jRik) = Rijkl∇lf + R
n− 1(∇ifgjk −∇jfgik)− (∇ifRjk −∇jfRik).
At the same time, we remember a result obtained by Hamilton [17, Lemma 7.2]
which plays a crucial role in this article.
Lemma 2 ([17]). For any metric gij the curvature tensor Rijkl satisfies the identity
∆Rijkl = ∇i(∇kRjl −∇lRjk)−∇j(∇kRil −∇lRik)
−2Q(R)ijkl + (RpjklRpi −RpiklRpj), (2.10)
where Q(R)ijkl = Zijkl − Zijlk − Ziljk + Zikjl and Zijkl = RipjqRkplq .
The Kulkarni-Nomizu product ⊙, which takes two symmetric (0, 2)-tensors and
provides a (0, 4)-tensor with the same algebraic symmetries of the curvature tensor,
is defined by
(α⊙ β)ijkl = αikβjl + αjlβik − αilβjk − αjkβil. (2.11)
With these notations we may state our first key lemma.
Lemma 3. Let (Mn, g) be a connected, smooth Riemannian manifold and f is a
smooth function on Mn satisfying (1.1). Then we have:
div(f∇Rijkl) = 2Rf + 2
n− 1 Rijkl −
(
∇2f ⊙
(
Ric− R
n− 1g
))
ijkl
+Cjil∇kf + Cijk∇lf + Clkj∇if + Ckli∇jf
−2fQ(R)ijkl, (2.12)
where Cijk is the Cotton tensor.
Proof. First of all, we need to express f∆Rijkl in terms of the Cotton tensor. To
that end, we first use Lemma 2 to infer
f∆Rijkl = f∇i(∇kRjl −∇lRjk)− f∇j(∇kRil −∇lRik)
+f(RpjklRpi −RpiklRpj)− 2fQ(R)ijkl
= ∇i[f(∇kRjl −∇lRjk)]− (∇kRjl −∇lRjk)∇if
−∇j [f(∇kRil −∇lRik)] + (∇kRil −∇lRik)∇jf
+f(RpjklRpi −RpiklRpj)− 2fQ(R)ijkl,
and therefore by Lemma 1 we obtain
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f∆Rijkl = ∇i[Rkljp∇pf + R
n− 1(∇kfgjl −∇lfgjk)− (∇kfRjl −∇lfRjk)]
−∇j [Rklip∇pf + R
n− 1(∇kfgil −∇lfgik)− (∇kfRil −∇lfRik)]
−(∇kRjl −∇lRjk)∇if + (∇kRil −∇lRik)∇jf
+f(RpjklRpi −RpiklRpj)− 2fQ(R)ijkl.
Rearranging the terms we get
f∆Rijkl = ∇iRkljp∇pf +Rkljp∇i∇pf + R
n− 1(∇i∇kfgjl −∇i∇lfgjk)
−(∇i∇kfRjl +∇kf∇iRjl −∇i∇lfRjk −∇lf∇iRjk)
−∇jRklip∇pf −Rklip∇j∇pf − R
n− 1(∇j∇kfgil −∇j∇lfgik)
+(∇j∇kfRil +∇kf∇jRil −∇j∇lfRik −∇lf∇jRik)
−(∇kRjl −∇lRjk)∇if + (∇kRil −∇lRik)∇jf
+f(RpjklRpi −RpiklRpj)− 2fQ(R)ijkl
= ∇iRjpkl∇pf +∇jRpikl∇pf +Rjpkl∇i∇pf −Ripkl∇j∇pf
+
R
n− 1(∇i∇kfgjl −∇i∇lfgjk −∇j∇kfgil +∇j∇lfgik)
−(∇i∇kfRjl −∇i∇lfRjk −∇j∇kfRil +∇j∇lfRik)
+(∇jRil −∇iRjl)∇kf + (∇iRjk −∇jRik)∇lf
−(∇kRjl −∇lRjk)∇if + (∇kRil −∇lRik)∇jf
+f(RpjklRpi −RpiklRpj)− 2fQ(R)ijkl.
Thus, since Mn has constant scalar curvature, it follows from (2.8) that
f∆Rijkl = ∇iRjpkl∇pf +∇jRpikl∇pf +Rjpkl∇i∇pf −Ripkl∇j∇pf
−
(
∇2f ⊙
(
Ric− R
n− 1g
))
ijkl
+ Cjil∇kf + Cijk∇lf + Clkj∇if
+Ckli∇jf + f(RpjklRpi − RpiklRpj)− 2fQ(R)ijkl. (2.13)
Proceeding, we use the Bianchi identity and Eq. (2.3) to arrive at
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f∆Rijkl = −∇pRijkl∇pf +Rjpkl∇i∇pf −Ripkl∇j∇pf
−
(
∇2f ⊙
(
Ric− R
n− 1g
))
ijkl
+ Cjil∇kf + Cijk∇lf + Clkj∇if
+Ckli∇jf + f(RpjklRpi −RpiklRpj)− 2fQ(R)ijkl
= −∇pRijkl∇pf +Rjpkl
(
fRip − Rf + 1
n− 1 gip
)
−Ripkl
(
fRjp − Rf + 1
n− 1 gjp
)
−
(
∇2f ⊙
(
Ric− R
n− 1g
))
ijkl
+ Cjil∇kf + Cijk∇lf + Clkj∇if
+Ckli∇jf + f(RpjklRpi −RpiklRpj)− 2fQ(R)ijkl
= −∇pRijkl∇pf − f(RpjklRpi −RpiklRpj) + 2(Rf + 1)
n− 1 Rijkl
−
(
∇2f ⊙
(
Ric− R
n− 1g
))
ijkl
+ Cjil∇kf + Cijk∇lf + Clkj∇if
+Ckli∇jf + f(RpjklRpi −RpiklRpj)− 2fQ(R)ijkl,
which can rewritten succinctly as
f∆Rijkl =
2Rf + 2
n− 1 Rijkl −
(
∇2f ⊙
(
Ric− R
n− 1g
))
ijkl
−∇pRijkl∇pf
+Cjil∇kf + Cijk∇lf + Clkj∇if + Ckli∇jf − 2fQ(R)ijkl. (2.14)
Finally, we are ready to compute div(f∇Rijkl). To do so, it suffices to observe
that
div(f∇Rijkl) = f∆Rijkl +∇pRijkl∇pf,
and this combined with (2.14) yields
div(f∇Rijkl) = 2Rf + 2
n− 1 Rijkl −
(
∇2f ⊙
(
Ric− R
n− 1g
))
ijkl
+Cjil∇kf + Cijk∇lf + Clkj∇if + Ckli∇jf − 2fQ(R)ijkl.
So, the proof of the lemma is finished. 
To conclude this section we shall provide an useful expression for div(f2∇|W |2),
which is a key ingredient in the proof of Theorem 3. Before to do that, we mention
that in the remainder of this section, we will always consider
〈S, T 〉 = SijklT ijkl,
for any (0, 4)-tensors S and T. Our convention differs from [25] by 14 .
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Lemma 4. Let (Mn, g, f) be a connected, smooth Riemannian manifold and f is
a smooth function on Mn satisfying (1.1). Then we have:
div(f2∇|W |2) = 4Rf
2
n− 1 |W |
2 +
4f
n− 1 |W |
2 − 2nf
2
n− 2 〈Ric⊙Ric,W 〉
+f〈∇|W |2,∇f〉+ 4(n− 1)
n− 2 〈Ric⊙ df ⊗ df,W 〉 (2.15)
+8|ι∇fW |2 − 4f2〈Q(W ),W 〉+ 2f2|∇W |2,
where ι is the interior multiplication and ⊗ stands for the tensorial product.
Proof. Since W is traceless, it is not difficult to see that 〈A ⊙ g,W 〉 = 0 for any
(0, 2)-tensor A. This data jointly with (2.14) gives
f2〈∆Rm,W 〉 = f2∆RijklWijkl
=
2Rf2 + 2f
n− 1 RijklWijkl − f
[
∇2f ⊙
(
Ric− R
n− 1g
)]
ijkl
Wijkl
−f∇pRijkl∇pfWijkl + fCijk∇lfWijkl + fCjil∇kfWijkl
+fCkli∇jfWijkl + fClkj∇ifWijkl − 2f2Q(R)ijklWijkl .
Consequently, it follows from (2.7) that
f2〈∆Rm,W 〉 = 2Rf
2
n− 1 |W |
2 +
2f
n− 1 |W |
2 − f(∇2f ⊙Ric)ijklWijkl
−f∇pRijkl∇pfWijkl + 4fCijk∇lfWijkl − 2f2Q(R)ijklWijkl
and hence, using Eq. (1.3) of [12] and once more (2.7), we obtain
f2〈∆Rm,W 〉 = 2Rf
2
n− 1 |W |
2 +
2f
n− 1 |W |
2 − f(∇2f ⊙Ric)ijklWijkl
−f∇pWijkl∇pfWijkl + 4fCijk∇lfWijkl − 2f2Q(W )ijklWijkl
− 4f
2
n− 2(RikRjl −RilRjk)Wijkl .
Thereby, from Lemma 2 of [5] and (2.1) we achieve
f2〈∆Rm,W 〉 = 2Rf
2
n− 1 |W |
2 +
2f
n− 1 |W |
2 − f(∇2f ⊙Ric)ijklWijkl
−f∇pWijkl∇pfWijkl + 4Tijk∇lfWijkl + 4|ι∇fW |2
−2f2〈Q(W ),W 〉 − 2f
2
n− 2(Ric⊙Ric)ijklWijkl , (2.16)
where ι is the interior multiplication and Tijk was defined in (2.9). In particular,
the expression of (2.9) substituted into (2.16) jointly with (1.1) immediately arrives
at
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f2〈∆Rm,W 〉 = 2Rf
2
n− 1 |W |
2 +
2f
n− 1 |W |
2 − nf
2
n− 2(Ric⊙Ric)ijklWijkl
−f∇pWijkl∇pfWijkl + 4(n− 1)
n− 2 (Rik∇jf∇lf −Rjk∇if∇lf)Wijkl
+4|ι∇fW |2 − 2f2〈Q(W ),W 〉. (2.17)
Easily one verifies that
(Ric⊙ df ⊗ df)ijklWijkl = 2(Rik∇jf∇lf −Rjk∇if∇lf)Wijkl ,
and plugging this in (2.17) we see that
f2〈∆Rm,W 〉 = 2Rf
2
n− 1 |W |
2 +
2f
n− 1 |W |
2 − nf
2
n− 2 〈Ric⊙Ric,W 〉
−1
2
f∇p|W |2∇pf + 2(n− 1)
n− 2 (Ric⊙ df ⊗ df)ijklWijkl
+4|ι∇fW |2 − 2f2〈Q(W ),W 〉
=
2Rf2
n− 1 |W |
2 +
2f
n− 1 |W |
2 − nf
2
n− 2 〈Ric⊙Ric,W 〉
−1
2
f〈∇|W |2,∇f〉+ 2(n− 1)
n− 2 〈Ric⊙ df ⊗ df,W 〉 (2.18)
+4|ι∇fW |2 − 2f2〈Q(W ),W 〉.
On the other hand, it is straightforward to verify that
div(f2∇|W |2) = f2∆|W |2 + 〈∇|W |2,∇f2〉
= 2f2〈∆W,W 〉+ 2f2|∇W |2 + 2f〈∇|W |2,∇f〉
= 2f2〈∆Rm,W 〉+ 2f2|∇W |2 + 2f〈∇|W |2,∇f〉. (2.19)
Together, (2.18) and (2.19) yield
div(f2∇|W |2) = 4Rf
2
n− 1 |W |
2 +
4f
n− 1 |W |
2 − 2nf
2
n− 2 〈Ric⊙Ric,W 〉
+f〈∇|W |2,∇f〉+ 4(n− 1)
n− 2 〈Ric⊙ df ⊗ df,W 〉
+8|ι∇fW |2 − 4f2〈Q(W ),W 〉+ 2f2|∇W |2,
which gives the desired result. 
As already mentioned, 4-manifolds display peculiar features. For instance, the
bundle of 2-forms on a four-dimensional oriented Riemannian manifold can be in-
variantly decomposed as a direct sum
Λ2 = Λ+ ⊕ Λ−.
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This decomposition is conformally invariant. Moreover, it allows us to conclude that
the Weyl tensorW is an endomorphism of Λ2 = Λ+⊕Λ− such thatW =W+⊕W−,
where W+ and W− stand for the self-dual and anti-self-dual parts of the Weyl
tensor of M4, respectively. In particular, we also mention that a four-dimensional
connected, smooth Riemannian manifold (M4, g) and a smooth function f on M4
satisfying (1.1) must satisfy
div(f2∇|W±|2) = 4Rf
2
3
|W±|2 + 4f
3
|W±|2 − 4f2〈(Ric⊙Ric)±,W±〉
+f〈∇|W±|2,∇f〉+ 6〈(Ric⊙ df ⊗ df)±,W±〉 (2.20)
+8|ι∇fW±|2 − 4f2〈Q(W )±,W±〉+ 2f2|∇W±|2.
It should be pointed out that the proof of (2.20) for the anti-self-dual and self-
dual parts of the Weyl tensor can be implemented in quite the same way of the
proof of Lemma 4, so it is omitted.
3. Proof of the Main Results
3.1. Proof of Theorem 1.
Proof. To begin with, notice that the boundary condition and (1.1) implies
DX |∇f |2 = 2Hess f(X,∇f) = 0,
for all X tangent to ∂M. In particular, it is easy to see that |∇f | 6= 0 along ∂M.
We now recall the classical Bo¨chner formula (cf. [13], p. 83):
1
2
∆|∇f |2 = Ric(∇f,∇f) + 〈∇∆f,∇f〉+ |Hess f |2.
This jointly with (2.2) yields∫
M
f∆|∇f |2dVg = 2
∫
M
fRic(∇f,∇f)dVg − 2R
n− 1
∫
M
f |∇f |2dVg
+2
∫
M
f |Hess f |2dVg .
With aid of (2.6) we can rewtite this above equation as∫
M
f∆|∇f |2dVg = 2
∫
M
fRic(∇f,∇f)dVg − 2R
n− 1
∫
M
f |∇f |2dVg
+2
∫
M
f3|R˚ic|2dVg + 2
n
∫
M
f(∆f)2dVg . (3.1)
Proceeding, it is not hard to check that
2
∫
M
fRic(∇f,∇f)dVg =
∫
M
div(f2Ric(∇f))dVg −
∫
M
f2Rij∇i∇jfdVg,
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where we have used the twice contracted second Bianchi identity (2divRic = ∇R =
0). Next, we use (2.1) and that R˚ic = Ric− R
n
g to get
2
∫
M
fRic(∇f,∇f)dVg = −
∫
M
f3|R˚ic|2dVg + 1
n(n− 1)
∫
M
R2f3dVg
+
1
n− 1
∫
M
Rf2dVg. (3.2)
On the other hand, we use (2.2) to arrive at
div(f∇|∇f |2 − |∇f |2∇f) = f∆|∇f |2 + R
n− 1f |∇f |
2 +
n
n− 1 |∇f |
2.
Upon integrating this expression over Mn we use Stokes’s formula to obtain
∫
M
f∆|∇f |2dVg = |∇f |3|∂M | − R
n− 1
∫
M
f |∇f |2dVg
− n
n− 1
∫
M
|∇f |2dVg. (3.3)
Substituting (3.2) into (3.1) and comparing with (3.3) we obtain
|∇f |3|∂M | =
∫
M
f3|R˚ic|2dVg − 1
n− 1
∫
M
Rf |∇f |2dVg
+
1
n(n− 1)
∫
M
R2f3dVg +
1
n− 1
∫
M
Rf2dVg
+
2
n
∫
M
f(∆f)2dVg +
n
n− 1
∫
M
|∇f |2dVg.
Next, use (2.2) and (2.5) to arrive at
|∇f |3|∂M | =
∫
M
f3|R˚ic|2dVg + n− 2
2n(n− 1)2
∫
M
R2f3dVg
+
n− 2
2(n− 1)2
∫
M
Rf2dVg +
2
n
∫
M
f
(
Rf
n− 1 +
n
n− 1
)2
dVg
+
n
n− 1
∫
M
|∇f |2dVg
=
∫
M
f3|R˚ic|2dVg + n+ 2
2n(n− 1)2
∫
M
R2f3dVg
+
n+ 6
2(n− 1)2
∫
M
Rf2dVg +
2n
(n− 1)2
∫
M
fdVg
+
n
n− 1
∫
M
|∇f |2dVg.
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From this it follows that
|∂M | = H3
∫
M
f3|R˚ic|2dVg + n+ 2
2n(n− 1)2H
3
∫
M
R2f3dVg
+
3(n+ 2)
2(n− 1)2H
3
∫
M
Rf2dVg +
n(n+ 2)
(n− 1)2 H
3
∫
M
fdVg
= H3
∫
M
f3|R˚ic|2dVg
+
n+ 2
2n(n− 1)2H
3
∫
M
[R2f3 + 3nRf2 + 2n2f ]dVg, (3.4)
which implies
|∂M | ≥ n+ 2
2n(n− 1)2H
3CR, (3.5)
where CR is a constant given by
CR =
∫
M
(
R2f3 + 3nRf2 + 2n2f
)
dVg.
Moreover, to see that CR is a positive constant it suffices to use (2.4) in order to
rewrite the last expression as
CR =
∫
M
(Rf + n)2fdVg + n(n− 1)
∫
M
|∇f |2dVg,
which is clearly positive.
Finally, from (3.4) we deduce that the equality holds in (3.5) if and only if Mn
is Einstein. Hence, we may apply Theorem 1.1 of [21] to conclude that Mn is
isometric to a geodesic ball in a simply connected space form Rn, Hn or Sn. The
proof is completed. 
3.2. Proof of Theorem 2.
Proof. Firstly, it is easy to verify from (2.2) that
|∇f ||∂M | = R
n− 1
∫
M
fdVg +
n
n− 1V ol(M).
Since Mn has nonnegative scalar curvature, we have
|∂M | ≥ nH
n− 1V ol(M), (3.6)
where H is the mean curvature of ∂M with respect to the outward unit normal.
We then combine Theorem 1 with (3.6) to infer
|∂M |n ≥ n+ 2
2n(n− 1)2H
3CR|∂M |n−1
≥ n+ 2
2n(n− 1)2H
3CR
(
nH
n− 1V ol(M)
)n−1
= CR,HV ol(M)
n−1, (3.7)
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where CR,H is a constant given by
CR,H =
(n+ 2)nn−2
2(n− 1)n+1H
n+2CR,
and CR is defined in Theorem 1. In particular, the equality holds in (3.7) if and
only if the equality holds in (3.6) as well as in Theorem 1. From this it follows that
the scalar curvature must be zero and (Mn, g) is isometric to a geodesic ball in Rn.
This is what we wanted to prove. 
3.3. Proof of Theorem 3.
Proof. From the Berger curvature decomposition (cf. [25], p. 1090) we have
Q(W )±ijklWijkl = 36 detW
±. (3.8)
Moreover, from Lemma 3.2 in [25] we get
|ι∇fW±|2 = |W±|2|∇f |2, (3.9)
and using this together with (3.8) in (2.20) gives
div(f2∇|W±|2) = 4Rf
2
3
|W±|2 + 4f
3
|W±|2 − 4f2〈(Ric⊙Ric)± ,W±〉
+f〈∇|W±|2,∇f〉+ 6〈(Ric⊙ df ⊗ df)± ,W±〉
+8|∇f |2|W±|2 − 144f2 detW± + 2f2|∇W±|2,
from which we see the proof is completed. 
3.4. Proof of Corollary 1.
Proof. Upon integrating the expression obtained in Lemma 4 over M4, we use the
Stokes’s formula and that the Weyl tensor W is trace-free to obtain
0 =
∫
M
(4
3
Rf2 +
4
3
f
)
|W |2dVg − 4
∫
M
f2〈R˚ic⊙ R˚ic,W 〉dVg
+
∫
M
f〈∇|W |2,∇f〉dVg + 6
∫
M
〈R˚ic⊙ df ⊗ df,W 〉dVg + 8
∫
M
|ι∇fW |2dVg
−4
∫
M
f2〈Q(W ),W 〉dVg + 2
∫
M
f2|∇W |2dVg . (3.10)
On the other hand, we may use (2.2) to deduce
div
(
f |W |2∇f
)
= f |W |2∆f + |W |2|∇f |2 + f〈∇|W |2,∇f〉
= −R
3
f2|W |2 − 4
3
f |W |2 + |W |2|∇f |2 + f〈∇|W |2,∇f〉.
Now, on integrating this expression over Mn we get
∫
M
f〈∇|W |2,∇f〉dVg =
∫
M
(R
3
f2 +
4
3
f − |∇f |2
)
|W |2dVg. (3.11)
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Besides, it is not difficult to verify that
|R˚ic⊙ R˚ic|2 = 8|R˚ic|4 − 8|R˚ic2|2,
where (R˚ic)2ij = (R˚ic)ik(R˚ic)kj ; for more details see [11]. In particular, taking into
account that trR˚ic
2
= |R˚ic|2, we immediately have |R˚ic2|2 ≥ |R˚ic|44 , which implies
|R˚ic⊙ R˚ic|2 ≤ 6|R˚ic|4. (3.12)
Returning to Eq. (3.10), we may use (3.11) and (3.12) to deduce
0 ≥
∫
M
(5
3
Rf2 +
8
3
f − |∇f |2
)
|W |2dVg − 4
√
6
∫
M
f2|R˚ic|2|W |dVg
+6
∫
M
〈R˚ic⊙ df ⊗ df,W 〉dVg + 8
∫
M
|ι∇fW |2dVg
−4
∫
M
f2〈Q(W ),W 〉dVg + 2
∫
M
f2|∇W |2dVg∫
M
(5
3
Rf2 +
8
3
f + 7|∇f |2
)
|W |2dVg − 4
√
6
∫
M
f2|R˚ic|2|W |dVg
+6
∫
M
〈R˚ic⊙ df ⊗ df,W 〉dVg + 2
∫
M
f2|∇W |2dVg
−16
∫
M
f2|W |3dVg , (3.13)
where we used the elementary inequality |〈Q(W ),W 〉| ≤ 4|W |3, along with the
identity |ι∇fW |2 = |W |2|∇f |2; cf. Lemma 3.2 in [25].
In order to conclude it therefore suffices to use our assumption to infer
∫
M
(5
3
Rf2 +
8
3
f + 7|∇f |2
)
|W |2dVg = 0. (3.14)
Hence, since f and g are analytic (cf. [14, Proposition 2.1]), Eq. (3.14) forces M4
to be locally conformally flat, and we are in position to use Theorem 1.2 of [21] to
conclude that M4 is isometric to a geodesic ball in a simply connected space form
R
4 or S4. This completes the proof of Corollary 1.

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